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In the present note we show that the conjectured asymptotic formulas for 
Goldbach’s problem and the allied twin-primes conjecture are available con- 
ditionally. 
1. The main object of this note is to point out the existence of a 
“‘trivial” portion of the minor arcs for Goldbach’s problem (and the twin- 
,primes conjecture). This remark is based on the following,observatiori: Let 
U(a) = C a,e(na) 
n<X 
(e(x) = e2miz), 
where a,% are arbitrary real or complex numbers. Then, for (10 QI < Q,, , 
we have 
o Ilo 4-l Y j u ($1” = 0 (QoU + X3Q03Q;') n;x I a, la) (2) 1 0 h=O 
(h,d=l 
with an absolute O-constant. We can consider (2) as a “suitable weighted 
form” of the large sieve inequality (cf., for instance, (3) of [l]). We employ (2) 
to show that the contribution of the part of the minor arcs (in Goldbach’s 
problem) with q < Q (log X)-2, where Q is the order of Farey dissection, is 
“negligible” (see (8) below). Also, we give a more complete treatment of the 
major arcs for Goldbach’s problem, by means of an argument in Gallagher 
[2] (cf., proof of Lemma 7 there). These considerations enable us to uphold 
the following theorem (in the notation described in the subsequent sections). 
THEOREM. Let B > 10 be arbitrary. Suppose that there is a function 6, 
tending to zero as B + co, such that 
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where S(a) = CaCx e(pa) (p: primes), N = [Xl, and M3 is the part of the 
minor arcs corresponding to denominators q, Q(log X)-2 < q < Q, with 
Q = X(log X)-B. Then the number r(N) of representations of N as a sum of two 
odd primes satisfies 
r(N) = (1 + o(l)YWV’(N) 
as N -+ GO, where T(N) = C(log ml log m&l the summation being over 
integers ml > 1, m2 > 1 and m, + m2 = N, and 
G(N)=pQ(l - (p1 1)2)prI(l +-q* P--l 
The analogous statement holds good for the twin-primes conjecture also. 
It may perhaps be remarked that in the proof below we enlarge the (con- 
ventional) major arcs to achieve the completion of the singular series (though 
with a poor error term), and then estimate the contribution of a “trivial” 
portion of the thus shortened minor arcs (using (8)). 
2. In this section we prove (2) and deduce from it the required 
estimate (8). Let Q( > 1) be a function of X to be suitably restricted later, and 
let Q* < Q. Set, for integers h and q, 
I = [-Q-l, 1 - Q-l]; A@, 9) = [-(9Q)Y + ; , ; + (9Q)-I]. (3) 
Consider 
g-1 
s/f = U U A@, 4). 
l<g<Q* h=O 
(h,d=l 
(4) 
We know that if Q* = Q, then JY = I and every 01 in I belongs to atmost 
two .M(h, 4)‘s occurring in A’. For given 01, h and q, set /3 = 01 - h/q. 
Proof of (2). We have, in the above notation, easily 
U(4 = U (1) + 0 (I B I X n;x I a, !). 
-. 
(5) 
Set 2 = CnGx I a, 12. N ow we obtain, in view of the remark following (4), 
on taking Q, = Q* = Q, 
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The expression on the right here is easily majorized by O(Z + X3ZQ;3 
Ca>Q, 4-3. Now (2) f 11 o ows immediately on using 1 A’?@, q)[ = 2q-lQ;l. 
For the purposes of applications of (2) we make the choices 
Q* = Q, = LA, Q, = XL--(B+C), Q = XL”, (6) 
where the numbers A, B, and C satisfy 
A > 3(B + C); B > 1; c > 1, (7) 
and L is a suitable (small) function of X. Introducing 
9-l 
we deduce that 
In fact, using (5) in a similar way as in the proof of (2), we get 
I ~, / U(a)12 da = 0 (, zGQ 1 0 (qQ)-' z 1 u (;)I2 + X3ZQ-“e;‘). (a,+1 
In view of (2), the right side expression here is easily majorized by 
O(Q-lQoZ + Q-1X3Z&2Qr”>. Now (8) follows because of the choices (6) 
subject to (7). 
3. In this last section we employ the notation introduced in the 
statement of the theorem. Further, we use the choices (6) and (7) with 
L = log X. Now we proceed to deal with the major arcs portion (for 
Goldbach’s problem) .MI defined as the union of the intervals 
0 < h < q, (h, q) = 1 and q < 0. 
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We know that these intervals are pairwise disjoint. Hence, by (6) and the 
usual arguments (cf. p. 182 ff. of [3]), we are led to 
I P(a) e(-iVol) da Ml 
where c,(--N) is Ramanujan’s sum 
and c,, is a certain positive constant depending at most on A. Thus we get 
s AI S’(a) e(-Ah) da = A(N) T(N) + OA(iVe-co(logN)l’e) + O(l E I), (9) 
where 
and 
E = c PW 
q<Q, d(q) cq(--N) .(,Q<,@,<l,z “(‘) e(-N’) dp* 
By partial integration, we have s@) = 0(1/3 \-I), and so 
Extension of A(N). On using the value of c,(-N) above we see that 
c 
q>Ql v'(q) 
m d-N = 0 ( dTN $f$ d q,,$ d$#). (11) 
1 
Now 
2 
CC 
PbP 
=log p,N p2--p + 1 p,N b-u l + (p 41 1)s ) . 
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g /$y 1 = 0 (5 Y) = O(log log N); 
where the O-constants are absolute, we obtain 
Therefore, from (1 l), 
on using &r (d/~p(d))~ = O(Y). Thus we have 
4N) = G(N) + 0 (+ A). (12) 
This yields, by (9), (lo), and (8) with appropriate a,, , 
= G(N) r(N) + 0 (+ & tlotN)2 + rtN’ (log NJ= + XL-B log Q,), 
with an absdlute O-constant. From here the theorem is easily concluded, 
with AZ = I - (AI U &2), on noting that T(N) > N(log N)-2. 
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